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1 Introduction

Here we consider the quadratic family, f, = a — x?, where —1/4 < a < 2is
the parameter. In[L3], Lyubich showed that atypical (with respect to Lebesgue
measure) quadratic map is either regular (with a periodic attractor) or stochastic
(with an absolutely continuous invariant measure). More precisely, typical non-
regular maps were shown to satisfy the Martens-Nowicki criterion [MN] for the
existence of an absolutely continuous invariant measure.

Following this fundamental work, the Regular or Stochastic dichotomy was
refined in [AM1]: atypical quadratic map is either regular or Collet-Eckmann
(positive Lyapunov exponent of the critical value) with polynomial recurrence
of the critical orbit. This stronger dichotomy leads to a particularly satisfactory
description of the dynamics of typical quadratic maps from the statistical point
of view. Thefirst possibility corresponds to a hyperbolic deterministic setting,
with the well known good properties of hyperbolic systems. The second is a
particularly well studied case of non-uniformly hyperbolic chaotic dynamics:
in the 90's such maps were shown to possess many hyperbolic-like properties
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like stochastic stability, exponential decay of correlations and others ([KN], [Y],
[BV] and [BBM]). In particular it was possible to answer affirmatively Palis
Conjecture [Pq] for the quadratic family.

It was shown in [ALM] that the parameter space of general analytic families
of unimodal maps (with negative Schwarzian derivative) can be related to the
parameter space of quadratic maps through a quasisymmetric ‘ holonomy map’.
It becomes then feasible to transfer results from the quadratic family to other
families, but there is one obstruction: quasisymmetric maps are not absolutely
continuous.

Here we show that the set of **good’’ parameters has not only full Lebesgue
measure, but is resistent to a quasisymmetric reparametrization:

Theorem A. Consider a quasisymmetric reparametrization of the parameter
space of the quadratic family. The set of parameters which are either regular or
Collet-Eckmann:
... In(UDf"(f(O
liminf (IDf"(fO)]) -

n—00 n

0 (L1)

has full Lebesgue measure.

Theorem B. Consider a quasisymmetric reparametrization of the parameter
space of the quadratic family. The set of parameters which are either regular or
have polynomial recurrence of the critical orbit

In(/"0) _

0 < liminf — < limsu —In(#"©)

n—00 In(n) n—>00 In(n) (12)

has full Lebesgue measure.

In [AM2] those results are used to obtain a proof of the Palis Conjecture for
unimodal maps with negative Schwarzian derivative. Here we give a detailed
proof of those results following essentialy the sketch provided in [AM2] (we
simplified a couple of arguments), with all estimates worked out. We refer the
reader to [AM2] and [AM3] for discussions on the heuristics of the approaches
in this paper, aswell asin the original argument of [AM1].

2 Basic background

This section will introduce the basic language of this paper, and corresponds
essentially (with minor modifications) to sections 81 and 82 and parts of §3
of [AM1].
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2.1 General definitions
211 Mapsof theinterval

Let f: I — I beaC*! map defined onsomeinterval I C R. Theorbit of apoint
p € I isthe sequence { f*(p)}22,. We say that p is recurrent if there exists a
subsequence n;, — oo such that lim f (p) = p.

We say that p isaperiodic point of period n of f if f"(p) = p,andn > 1is
minimal with this property. In this case we say that p ishyperbolic if |[Df"(p)|
isnot 0 or 1. Hyperbolic periodic orbits are attracting or repelling according to
IDf"(p)l < lor|Df"(p)| > 1.

We will often consider the restriction of iterates f” to intervals T C I, such
that f”|r isadiffeomorphism. Inthiscasewewill beinterested onthedistortion
of f"Ir,

. " supy |Df"|
dist(f"|7) = ity IDf (2.1)
Thisis always a number bigger than or equal to 1, we will say that it is small if
itiscloseto 1.

2.1.2 Trees

We let © denote the set of finite sequences of non-zero integers (including the
empty sequence). Let ¢ denote © without the empty sequence. For d € Q,
d= (j1, ..., Jn), welet |d| = m denoteits length.

We denote ot: Qo — Q by o"(1,...,ju) = (1,...» jm_1) and
0 : Q0 —> Q by "ty oo s Jm) = U2y oo+ 5 Jm)-

For the purposes of this paper, one should view 2 as a (directed) tree with
root d = ¢ and edges connecting o " (d) tod for eachd € Q9. Wewill use Q2 to
label objectswhich are organized in asimilar tree structure (for instance, certain
families of intervals ordered by inclusion).

2.2 Bord-Cantdlli
We will repeatedly use the following version of the Borel-Cantelli Lemma
(Lemma4.1 of [AM1]).

Lemma 2.1. Let X C R be a measurable set such that for each x € X is
defined a sequence D, (x) of nested intervals converging to x such that for all
x1, X2 € X and any n, D,(x;) is either equal or disjoint to D,(x2). Let Q, be
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measurable subsets of R and ¢, (x) = |Q, N D,(x)|/|D,(x)|. Let Y be the set
of all x € X which belong to at most finitely many Q,. If }_ g, (x) is finite for
almostany x € X then |Y| = | X]|.

The following reformulation will be often convenient (Lemma 4.2 of [AM1]).

Lemmaz2.2. Inthe same context as above, assume that we are given sequences
On.m» m > n of measurable sets and let Y, be the set of x belonging to at
most finitely many Q,, .. Let g, (x) = |Qnm N Dy (x)|/| Dy (x)]. Let np(x) €
NU{oo} besuchthat > > g, .(x) < ooforn > ng(x). Then for almost every
xe X, xeY, forn > no(x).

2.3 Quasisymmetric maps

Letk > 1begiven. Wesay that ahomeomorphism f: R — Risquasisymmetric
with constant « if for all x andall # > 0

1_fath =) _
K= F@ = for=h

The space of quasisymmetric mapsisagroup under composition, and the set of
guasi symmetric mapswith constant k preserving agiveninterval iscompactinthe
uniform topology of compact subsets of R. It aso follows that quasisymmetric
maps are Holder.

Todescribefurther the propertiesof quasi symmetric maps, we need the concept
of quasiconformal maps and dilatation so we just mention a result of Ahlfors-
Beurling which connects both concepts: any quasisymmetric map extends to a
quasiconformal real-symmetric map of C and, conversely, the restriction of a
quasiconformal real-symmetric map of C to R isquasisymmetric. Furthermore,
it ispossibletowork out upper bounds on the dilatation (of an optimal extension)
depending only on k and conversely.

The constant k isawkward to work with: the inverse of aquasisymmetric map
with constant £ may have alarger constant. We will therefore work with aless
standard constant: we will say that & is y-quasisymmetric (y-qs) if 4 admits a
guasiconformal symmetric extension to C with dilatation bounded by y. This
definition behaves much better: if hy is y1-gs and k5 is y»-gs then hy o Ay is
yv2y1-gs.

If X c Randh: X — R hasay-quasisymmetric extension to R wewill also
say that hisy-gs.

Let OS(y) bethe set of y-gs maps of R.

k. 2.2)
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2.3.1 Capacities

If X c R ismeasurable, let us denote | X| its Lebesgue measure. Let usexplicit
the metric properties of y-gs maps we will use.
To each y, there exists aconstant k > 1 such that for all f € QS(y), for al

J c I intervals,

k 1/k

}(ﬂ) < L f (DI 5(lil) ' 2.3)
k \ |1 | f (D] 1]

Furthermore lim,_,1 k(y) = 1. So for each ¢ > O there exists y > 1 such
that k(2y — 1) < 1+ ¢/5. From now on, once agiven y closeto 1 ischosen, e
will always denote a small number with this property.

2.3.2 Capacitiesand trees
The y-capacity of aset X inaninterval I isdefined asfollows:

hxn
X|I) = . 24
S TV 4

This geometric quantity iswell adapted to our context, sinceit iswell behaved
under tree decompositions of sets. In other words, if 7/ are digoint subintervals
of 7 and X C UI’ then

py(XID) < p, (U; 111 Sup py (X|17). (2.5)
J

2.4 Thecombinatorics of real quadratic maps
2.4.1 Real quadratic maps

Ifa € Rwelet f,: R — R denote the quadratic mapa — x2. If —1/4 <a < 2,
there exists an interval

. —-1— 1+ 4a
lo=[B.—p1 with ﬂ=+

such that f,(1,) c I, and f,(d1,) C d1,. For such values of the parameter
a,themap f = f,|,, isunimodal, that is, it is a self map of 7, with a unique
turning point. To simplify the notation, we will usually drop the dependence on
the parameter and let I = 1,.

We will now introduce objects related to the dynamics of a fixed quadratic

map f.
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2.4.2 Return maps

Given an interval T C I we define the first return map Ry: X — T where
X C T isthe set of points x such that there existsn > 0 with f"(x) € T, and
Rr(x) = f™(x) for the minimal n with this property.

2.4.3 Niceintervals

Aninterva T isnice if it is symmetric around O and the iterates of 97 never
intersectint 7. Givenaniceinterval T wenoticethat thedomain of thefirst return
map R; decomposesin aunion of intervals T/, indexed by integer numbers (if
there are only finitely many intervals, some indexes will be corresponded to the
empty set). If 0 belongstothedomain of Ry, wesay that T isproper. Inthiscase
we reserve the index 0 to denote the component of the critical point: 0 € T°.

If T isnice, it followsthat for all j € Z, R7(dT7) C T. Inparticular, Ry |7,
is a diffeomorphism onto 7 unless 0 € T/ (and in particular j = O and T is
proper). If T isproper, Rr|ro issymmetric (even) with aunique critical point O.
As a consequence, T° isalso aniceinterval. If R;(0) € T°, we say that Ry is
central. If 7 isaproper interval then both Ry and R0 are defined, and we say
that Ry o isthe generalized renormalization of Ry.

2.4.4 Landing maps

Given a proper interval T we define the landing map L;: X — T° where
X C T isthe set of points x such that there existsn > 0 with f"(x) € T°, and
L7 (x) = f"(x) for theminimal n with this property. Wenoticethat L |0 = id.

245 Trees

We will use 2 to label iterations of non-central branches of Ry, aswell astheir
domains. If d € Q, we define T¢ inductively in the following way. We let
T =Tifdisemptyandifd = (j1, ..., ju) Welet T = (Ry|,i) " H(T7 D).
We denote R? = R';i' |r« Which is always a diffeomorphism onto 7.

Notice that the family of intervals T< is organized by inclusion in the same
way as 2 is organized by (right side) truncation (the previously introduced tree
structure).

If T is a proper interval, the first return map to 7 naturally relates to the
first landing to 7°. Indeed, denoting C¢ = (R%)*l(TO), the domain of the
first landing map L is easily seen to coincide with the union of the C<, and
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furthermore Ly |ca = R%. Notice that this allows usto relate Ry and R0 Since
RTO = LT o RT.

2.4.6 Renormalization

We say that f isrenormalizable if thereisaninterval 0 € 7 and m > 1 such
that

f"(TYycT and f/(intT)NnintT =¢ for 1< <m.

The maximal such interval is called the renormalization interval of period m, it
has the property that f™(dT) C 9T.

The set of renormalization periods of f gives an increasing (possibly empty)
sequence of numbersm;,i =1, 2, ..., each related to a unique renormalization
interval T® which form a nested sequence of intervals. We include mq = 1,
T© = I inthe sequence to simplify the notation.

We say that f isfinitely renormalizable if there is a smallest renormalization
interval T™. Wesay that f € F if f isfinitely renormalizableand Oisrecurrent
but not periodic. We let F; denote the set of maps f in F which are exactly
times renormalizable.

2.4.7 Principal nest

Let A, denote the set of all maps f which have (at least) k renormalizations
and which have an orientation reversing non-attracting periodic point of period
m; which we denote p, (that is, p, isthefixed point of f”* |« with Df™ (p;)
< —1). For f € A, wedenote T,” = [—py. pi]. We define by induction a
(possibly finite) sequence 7,"*), such that 7,4} isthe component of the domain of
RTI@ containing O. If this sequenceisinfinite, then either it converges to a point
or toaninterval.

If m,-Tl.“‘) isapoint, then f hasarecurrent critical point which is not periodic,
anditispossibleto show that f isnot k + 1 timesrenormalizable. Obviously in
thiscasewe have f € Fy, and al mapsin F; are obtained in thisway: if N, 7"
isaninterval, it is possible to show that f isk + 1 times renormalizable.

We can of course write F asadigoint union U, F;. Foramap f € F, we
refer to the sequence {7,*}2°, asthe principal nest.

It isimportant to notice that the domain of thefirst return mapto T,*’ isalways
densein 7). Moreover, the next result shows that, outside a very special case,
the return map has a hyperbolic structure.
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Lemma2.3. Assume T,*’ does not have a non-hyperbolic periodic orbit in its
boundary. For all ' there exists C > 0, A > 1 such that if x, f(x), ...,
f"~(x) do not belong to 7,'*’ then | Df"(x)| > CA".

Thislemmaisasimple consequence of ageneral theorem of Guckenheimer on
hyperbolicity of maps of the interval without critical points and non-hyperbolic
periodic orbits (Guckenheimer considers unimodal maps with negative Schwar-
Zian derivative, so this applies directly to the case of quadratic maps, the general
caseisalso true by Maié's Theorem, see [MVS]). Natice that the existence of a
non-hyperbolic periodic orbit in the boundary of Ti(k) depends on avery special
combinatorial setting, in particular, all 7/*' must coincide (with [ py. pi]), and
the k-th renormalization of f isin fact renormalizable of period 2.

By Lemma2.4.7, the maximal invariant of f|,\T[<k> isan expanding set, which

admits a Markov partition (since 8Ti<") is preperiodic, see aso the proof of
Lemma 6.1): it is easy to see that it is indeed a Cantor set! (except if i = 0
or in the specia period 2 renormalization case just described). It follows that
the geometry of this Cantor set is well behaved: for instance, its image by any
guasisymmetric map has zero L ebesgue measure.

In particular, one sees that the domain of the first return map to 7,*’ has
infinitely many components (except in the special case above or if i = 0) and
that its complement has well behaved geometry.

2.4.8 Simplemaps

A map f € F,iscaledsimple if the principal nest hasonly finitely many central
returns, that is, there are only finitely many i such that R|,.« iscentral.

25 Parameter partition

Part of our work is to transfer information from the phase space of some map
f € F to aneighborhood of f in the parameter space. This is done in the
following way. We consider the first landing map L;: the complement of the
domain of L; isahyperbolic Cantor set K; = I; \ UC?. This Cantor set persists
inasmall parameter neighborhood J; of f, changing in acontinuousway. Thus,
loosely speaking, thedomain of L; inducesapersistent partition of theinterval I;.

Along J;, thefirst landing map is topol ogically the same (in away that will be
clear soon). However the critical value R;[g](0) moves relative to the partition

1Dynamically defined Cantor sets with such properties are usually called regular Cantor sets.
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(when g moves in J;). This allows us to partition the parameter piece J; in
smaller pieces, each corresponding to a region where R;(0) belongs to some
fixed component of the domain of the first landing map.

The relation between the partitions on the phase space and on the parameter
space can be described, topologically, as follows.

Theorem 2.4 [Topological Phase-Parameter relation]. Let f € ‘F,. Thereis
a sequence {J;};en Of nested parameter intervals (the principal parapuzzle nest
of f) with the following properties.

(1) J;isthe maximal interval containing f such that for all g € J; the interval
Ii1gl = (K)[ ] is defined and changes in a continuous way. (Since the
first return map to R;[g] has a central domain, the landing map L;[¢g]:
C4g] — I[g] is defined.)

(2) L;[g] is topologically the same along J;: there exists homeomorphisms
Hi[g]: I, — Ii[g], such that H;[g](C%) = C%[g]. The maps H;[g] may
be chosen to change continuously.

(3) There exists a homeomorphism g;: I; — J; such that E,-(C?) is the set of
g such that R;[g](0) belongs to C?[g].

The formulation above is the same as Theorem 2.2 of [AM1] (the result itself
was known much before).

The homeomorphisms H; and E; are not uniquely defined, it is easy to see
that we can modify them inside each C? window keeping the above properties.
However, H; and E; are well defined maps if restricted to K.

With this result we can define for any f € F, intervals J/ = E;(I/) and
J,.i = E,-(I?). From the description we gave it immediately follows that two
intervals J;,[ f1and J;,[g] associated to mapsf and g areeither digjoint or nested,
and the same happens for intervals Jf or J Notice that if g € &; (C )N Fe
then ul(Ci ) - Jz+l[g]-

Wewill concentrateontheanalysisof theregularity of E; for thespecial classof
simple maps f: one of the good properties of the class of simple mapsis better
control of the phase-parameter relation. Even for ssimple maps, however, the
regularity of E; isnot great: thereistoo much dynamical information contained
init. A solution to this problem isto forget some dynamical information.
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251 Gapeinterval

If i > 1, we define the gape interval I, asfollows.
We havethat R;|;,,, = Li—10 Ri_1 = R?_l o R;_1forsomed, sothat I;,, =
1, d . : ~ _
(Ri-1l;)™(C{-y). We define the gapeinterval [i1 = (Ri1l;,) 1),
Noticethat 1;11 C ;11 C I;. Furthermore, for each I/, the gapeinterval 7; 1
either contains or isdisjoint from 7/.

2.5.2 ThePhase-Parameter relation

As we discussed before, the dynamical information contained in E; is entirely
given by E;|k,: amap obtained by &; by modification inside aC? window has
still the same properties. Therefore it makes sense to ask about the regularity of
2|k, Aswe anticipated before we must erase some information to obtain good
results.

Let f € F. and let 7; be such that R;(0) € ;. We define two Cantor sets,
K[ = K; N I which contains refined information restricted to the I window

and K; = I; \ (UI/ U I;;1), which contains global information, at the cost of
erasing information inside each 7/ window and in I~,~+1.

Theorem 2.5 [Phase-Parameter relation]. Let f be a simple map. For all
§ > Othere exists ig such that for all i > iy we have

PhPal: G, |7 is 1+ 8-0s,

PhPa2:  E;|; is1+d-s,

PhPhl: Hilgllx, is1+68-gsifg € JT,

PhPh2:  the map H;[g]l|;, is1+d-gsif g € J;.

This result is stated as Theorem 2.3 of [AM1], where a proof is sketched in
the Appendix. A full proof isgiven in amore general context in [AMA4].
3 Preliminary reductions and basic scheme
3.1 Reduction to the study of simple maps

In [L2] Lyubich has shown that amost every finitely renormalizable map is
smple, and in [L3] he showed that infinitely renormalizable maps have zero
Lebesgue measure. In [ALM], it is remarked that the proofs of those results
actually imply the following:
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Theorem 3.1. Consider a quasisymmetric reparametrization of the parameter
space of the quadratic family. The set of parameters which are either regular or
simple has full Lebesgue measure.

Thus we can concentrate on the study of simple maps.

3.2 Language

Wewill now fix, once and for al, an arbitrary quasisymmetric reparametrization
of the parameter space of the quadratic family. From now on, all mentions to the
parameter space will take into account this reparametrization (unless specified
otherwise). For instance, the previous theorem would now be stated ‘‘ The set
of parameters which are either regular or simple has full Lebesgue measure’’,
without any mention to the reparametrization. Our aim isto replace ‘‘simple’’
by ** Collet-Eckmann with polynomia recurrence of the critical orbit’’ in this
formulation.

The quasisymmetric constant of the fixed reparametrization will be denoted
y. We will fix an arbitrary y > p. We let a be a small positive constant only
depending on y (it should be smaller than 1/20 of the HOlder constant of 2y -gs
maps), and b = a1

We must change the statement of properties PhPal and PhPa2 of the Phase-
Parameter relation (which was stated with respect to the unreparametrized pa-
rameter space). Taking into account the reparametrization we replace PhPal and
PhPa2 by

PhPal’: Eilkr isy-gs,
PhPa2': E;|; isy-0s.

We shall fix also the renormalization level «, and consider only mapsin A,.
Whenever we say that some property is valid **with total probability’’, it will
mean that it is satisfied for a set of mapsin F, of full Lebesgue measure. Since
there are countably many levels, we can reformul ate our aim as showing that the
properties‘* Collet-Eckmann’’ and ** polynomial recurrence of thecritical orbit’’
hold with total probability.

Thiswill not bedoneat once: wewill show inasequenceof stepsthat moreand
more properties are valid with total probability. Sometimeswhen proving that a
new property hastotal probability, we will only need to use that this property is
implied by properties that had previously been shown to have total probability.
Sometimes, we will need to use the previous ‘ ‘ total probability’’ properties and
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still exclude some zero Lebesgue measure set of parameters. This will be done
always via a Borel-Cantelli argument (either of Lemmas 2.2 or 2.2) coupled
with the Phase-Parameter relation. The best way to introduce the argument is by
going through an explicit application.

3.2.1 Example: torrential decay of geometry

Wewill illustrate the use of Lemma 2.2 and the phase-parameter relation with an
estimate on the decay of geometry. More precisely, we will consider the scaling
factor.

_ |In+l|
Ccp = .

| 1]
The scaling factor is a particularly important parameter in the subsequent anal-
ysis: al statistical estimates that follow will be related to ¢,,. This variable of
course changes inside each J» window, however, not by much. From PhPhl,
for instance, we get that with total probability

lim sup In(cn[gl]) —
n_)oogl,gZEJ}fn In(cn [82])

(3.1)

1. (32)

One initial information on the scaling factors is provided by the following
result of Lyubich:

Theorem 3.2 [see[L1]]. If f is simple then there exists C > 0, A < 1such
that ¢, < CA".

We will now show that, with total probability, the decay of ¢, is much faster
thanexponential. To expressthisdecay, let usconsider thetower function defined
by therecursion T7(1) = 2, T(n + 1) = 2T™_. We will show that, with total
probability, the ¢, decrease torrentially to 0O, that is, there exists k > 0 such that
c;1 > T(n — k) for n big enough. More precisely, we will show that c;jl is
bounded from below by an exponential of a (bounded) power of ¢ 2.

We start with an estimate in phase space. For x € I, let d™(x) € Q be
defined by x € c2".

Lemma 3.3. With total probability, for all » sufficiently big we have
P2, (1d™ ()| < klly) < (k + e (3.3

n

P2, (d™ ()| = k|L,) < ek, (3.4)
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We also have
P2y (Id™ ()] < k|I7") < ke, (3.5
P2y (1d™ ()] = k|I7) < ek, (3.6)
Proof. Let us compute the first two estimates.

Since 10 isin the middle of 1,, we have as a simple consequence of the Redl
Schwarz Lemma (see[L1] and (4.3) in Lemma 4.1 below) that

d
e |Gyl
— < < 4cy,. (3.7)
4
As a conseguence
P2, (Id™ (x)| = m|x € I,) < (4c,)™™. (3.8)

We get the estimate (3.3) summingupon 0 < m < k.
For the same reason, we get that

P2, (Id™ (x)| > m|x € 1)

L\ b/10 3.9
< (1— (%) )pzyqa_ﬂ”)(xn mpety. OO
Thisimplies
k
P2, (1d™ ()| = klx € I)) < (1 . (%”)b/m) . (3.10)

Estimate (3.4) follows from

-\ b/10\ K _
(1‘(%) ) < (L= < (@— ey <k (311)

The two remaining estimates are anal ogous. O

L et us now transfer thisresult to the parameter. Let s, = |d" (R, (0))|, sothat
R,+1(0) = R:1(0).

Lemma 3.4. With total probability, for » sufficiently big we have

<, <c’. (3.12)
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Proof. For the moment we only know that simple maps have total probability.
Thus, fix asimple map and consider itsprincipal nest J,. By the previouslemma,
we have

py(1d™ ()] < ¢ 32|17 < i/, (3.13)

By PhPal’, the Lebesgue measure of the set of parameters in J, such that
sn < cn % isat most ¢2/?. But Y ci/? < oo (c, decays exponentialy by
Theorem 3.2.1), so we can apply Lemma 2.2 to get that for almost every simple
map we haves, > ¢, “ (inthenotation of Lemma 2.2, we havetaken X asthe set
of smplemaps, D, = J™, and Q, asthe set of parameterssuch that s, < ¢ )2
Thisimplies one of the estimates, the other being analogous. O

From now on, whenever we need the parameter exclusion argument described
above we will only say by PhPal’ or by PhPa2’, and be done with it.

We can now show torrential decay of geometry without any further parameter
exclusion:

Lemma 3.5. With total probability, for n large we have
c;jl > e (3.19)

Proof. Itiseasy to see (using for instance the Real Schwarz Lemma, see[L1],
see also item (4.4) in Lemma 4.1 below) that there exists a constant K > 0
(independent of ») such that for each d € 2, both components of 1, @ \ I
havesizeat least (eX —1)|I,?|. Inparticular, by induction, if R,(0) € C,%wehave
that both gaps of 1, \ C£ have size at least (eX* — 1)|CZ|. Taking the preimage
by R,, and using the Real Schwarz Lemma again, we see that ¢, 1 < CeX%/?
for some constant C > 0 independent of n. We conclude that
-1
liminf In(c—”“) > g (3.15)

Sn

andsincec, — O0asn — oo, theresult follows from the previouslemma. [

3a/

2\We used implicitly the fact that for n large we have ¢, [g]™% < ¢, 2, see (3.2).
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4 Initial estimates
4.1 Finepartitions

Weuse Cantor sets K, and K, to partition the phase space. Inmany circumstances
we are directly concerned with intervals of this partition. However, sometimes
we just want to exclude an interval of given size (usually a neighborhood of 0).
This size does not usually correspond to a union of gaps, so we instead should
consider in applications an interval which is union of gaps, with approximately
the given size. The degree of relative approximation will always be torrentially
good (in n), so we usualy won't elaborate on this. In this section we just give
some results which will imply that the partition induced by the Cantor sets are
fine enough to allow torrentially good approximations.

The following lemma summarizes the situation. The proof is based on es-
timates of distortion using the Real Schwarz Lemma and the Koebe Principle
(see[L1]) and isvery simple, so we just sketch the proof.

Lemma4.1. The following estimates hold:

1]
| I”| = 0(Jcu 1), (4.)
n
A
P O(Ven-1), (4.2)
I, |
d
n Cy
& % < 4c,, (4.3
4
I,
| |1+|1| = 0™, (4.4)

Proof. (Sketch.) Since R% has negative Schwarzian derivative, it immediately
follows that the Koebe space® of C% inside IZ has at |east order et

It is easy to see that R,_1|;, can be written as ¢ o f where ¢ extends to a
diffeomorphism onto 7,,_, with negative Schwarzian derivative and thus with

3The Koebe space of an interval T’ inside an interval T > T’ is the minimum of |L|/|T’| and
|R|/|T'| where L and R are the components of 7 \ 7’. If the Koebe space of T’ inside T is
big, then the Koebe Principle states that a diffeomorphism onto 7/ which has an extension with
negative Schwarzian derivative onto T has small distortion. Inthis case, it follows that the Koebe
space of the preimage of T’ inside the preimage of T is also big.
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very small distortion. Since R, 1(11) is contai ned on some Cn 1, We see that
the Koebe space of 1}/ in I, isat least of order c, WhICh |mpl|es(4 1).

Let us now consider an interval I<. Let I/ be such that Ry U(In) =1/ We
can pullback the Koebe space of 1/ inside 7, by RS @, so (4.1) implies (4.2).
Moreover, thlsshowsbylnductlon that the Koebespaceof Iiinsidel isat least
of order c,,_ ' V . Since R,_ 1(1,1+1) cl lWlth |d| = s,_1, the Koebe space of

Lii1inl, |sat least ¢, "12'/4, which |mpI|es(4 4).

It is easy to see that Rn| 4 Can be written as ¢ o foR, @

, where ¢ has

small distortion. Due to (4. 1) R, U| ¢ aso has small distortion, so a direct
computation with f (whichis purely quadratlc) gives (4.3). O

In other words, distances in 1, can be measured with precision ,/c,_1|1,| in
the partition induced by K,,, dueto (4.1) and (4.4) (Since e ™1 < ¢,_1).

Distances can be measured much more precisely with respect to the partition
induced by K,,, in fact we have good precision in each 1% scale. In other words,
inside 72, the central gap C%isof size O (cy |I,{i|) (by (4.3)) and the other gaps
have size O (,/c,_1/Cx|) (by (4.2) and (4.3)).

4.2 |Initial estimateson distortion

To deal with the distortion control we need some preliminary known results.
Those estimates are based on the Koebe Principle and the estimates of Lemma
4.1. All needed arguments are already contained in the proof of Lemma4.1, so
wewon't get into details.

Proposition 4.2. The following estimates hold:

(1) Forany j,if R,|,; = £k, dist(f"‘1|f(,,{)) =1+ O(cy-1),

(2) Foranyd, dist(RZ+(dJ|1n¢) — 1+ O(Jor0).

We will use the following immediate consequence for the decomposition of
certain branches.

Lemma4.3. With total probability,
(1) Rulj0 = ¢ o f where ¢ has torrentially small distortion,

2 Ri ¢>2 o f o ¢1 Where ¢, and ¢, have torrentially small distortion and
a d)
1= e
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4.3 Estimating derivatives
Lemma 4.5. With total probability, the dis:[ance between R, (0) and 81, U {0}
is at least |1,|n~"/2. In particular R, (0) ¢ I, for all n large enough.

Proof. Thisisasimple consequence of PhPa2’, using summability of n=2 (use
(4.4) to get the last conclusion). O

Lemma4.6. With total probability, for n big enough and j £ 0

dist(f1,)) <n bz, (4.5)

Proof. Denote by PZ a|CZ{/n"/? neighborhood of C£. Notice that the gaps
of the Cantor set K, inside 12 which are different from CZ are torrential ly (inn)
smaller then C%, so we can take PZ as a union of gaps of K, up to torrentialy
small error.

Itisclear that if 2 isay-gs homeomorphism then

Ih(PL\ Ch)| < n~2|h(CY))| (4.6)

Notice that if C,;i iscontained in I,{ with j # 1, then P,? does not intersect 7,".
Since the C¥ are digoint,

p,(I" NU(PL\ CLH|I™) < n? (4.7)

which is summable.

Transferring this estimate to the parameter using PhPal’ we seethat with total
probability, if n is sufficiently big, if R,(0) does not belong to C< then R, (0)
does not belong to PLaswell. In particular, if n is sufficiently big, the critical
point O will never bein an—b/2|I’ 1| neighborhood of any 1/, ; with j # O (just
take theinverseimageby R,|;,.,)- O

Lemma4.6. With total probability, for all n sufficiently big and for all d,
dist(RY) < n® < 2", (4.8)

In particular, for n big enough, |DR,(x)| > 2, x € U#ol,{.
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Proof. Lemmas4.2and Lemma4.3imply (4.8). If j # 0, by (4.1) of Lemma

4.1 weget that | R, (1)1/|17] = |1|/117] > ¢, 1", so dist(R,| ;) < 2" implies

that for all x € I, |[DR,(x)| > ¢, }*2" > 2. O

Lemmad4.7. With total probability, if n is sufficiently big and if x I,{,j #0,
and R,|,; = fX thenfor1 <k < K, [(Df*(x))| > |x|c]_;.

Proof. First notice that by Lemma 4.3 and Lemma 4.2, R,|;0 = ¢ o f with
|D¢| > 1, provided n is big enough (since ¢ has small distortion and thereisa
big macroscopic expansion from f(1°) to R, (I9)). Also, by Lemma3.2.1, |1,]
decays so fast that [[/_; [1,| > cf/_zl for n big enough. Finaly, by Lemma 4.3,
for n big enough, |DR,(x)| > 1forx € I}, j # 0. Let ng be so big that if
n > no, al the above properties hold.

From hyperbolicity of f restricted to the complement of 7,, (from Lemma
2.4.7), there exists a constant C > 0 such that if so is such that < (x) ¢ 17 for
every so < s < k then | Df*=so( f%(x))| > C.

Let us now consider somen > ng. If k = K, we have afull return and the
result follows from Lemma 4.3.

Assume now k < K. Let us define d(s), 0 < s < k such that f*(x) €
Liy \ I3, (if f°(x) ¢ Iowesetd(s) = —1). Letm(s) = MaX,<,« d (). Letus
define afinite sequence {k, }._, asfollows. We let ko = 0 and supposing k, < k
welet k, 1 = max{k, < s < kld(s) = m(s)}. Noticethat d(k;) < nifi > 1,
since otherwise f% (x) € I, so k = k; = K which contradicts our assumption.

The sequence 0 = kg < k1 < ... < k; = k satisfiesn = d(kg) > d(kq)
> ... > d(k;). Let 6 be maximal with d(ky) > ng. We have of course

IDF* R (F% (x))] > CIDF(F* ), (4.9

s0if & = 0then Df*(x) > |2Cx| and we are done.
Assume now 6 > 0. We have of course

|ka7kg (fkg ()C))| > C|Df(fk9 (.X))| > C|Id(k0)+1| (410)

For 1 < r < 6, the action of f*—%-1 near f-1(x) is obtained by applying
the central component of R, followed by several non-central components of
Rux,)- Sinced(k,) > no, we can estimate

|kar*kr—1(fkr—l(x))| - |DRd(kr)(fk'—1(x))| > |Df(fk"1(x))|. (4.11)
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For r = 1, this argument gives |Df*1(x)| > |Df(x)|, while for » > 1 we can
estimate

DR )] > IDFUA D] > Hag sl (412)

Combining it all we get

0
IDFE)| = DAL DR (Ff eI T TIDAA 2 (o2 o)

r=2

[ 6
> 12x] - C - [Laggyal [ [ Hat_psal = 12CxI [ [ Hawpsal  (4.13)
r=2 r=1

> 12Cx| [ [ 15| > IxlcS . O
r=0
5 Sequence of quasisymmetric constants and trees
5.1 Preiminary estimates

From now on, we will need to consider not only y’-capacitieswith somey’ > y
fixed, but different constants for different levels of the principal nest. To do so,
we will make use of sequences of constants converging (decreasing) to y. Let

n+1 ~_2n—|—3
Y, Vn—2n+1

Vn = V.
Noticethat y, > 7, > y,r1andlimy, =limy, = y.

The generalized renormalization processrelating R, to R, 1 has two phases,
firstwegofrom R, to L, andthenwegofrom L, to R, 1. Thefollowing remarks
showswhy it isuseful to consider the sequence of quasisymmetric constants due
to losses related to distortion.

Remark 5.1. Let S beaninterval contained in 7Z. Usi ng Lemma4.2 we have
R%| s = Yo f oY1, wherethe distortion of v, and v, aretorrentially small and
Y¥1(S) is contained in some Il j # 0. If S iscontained in 7° we may as well
write R, |s = ¢ o f, and the distortion of ¢ isalso torrentially small.

In either case, if we decompose S in 2km intervals S; of equal length, where k
isthedistortion of either R%|5 or R, |s and m issubtorrentially big (say, m < 2"),
the distortion obtained restricting to any interval S; will be bounded by 1+ m .
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Indeed, in the case S C I°, we have dist(R,|s,) < dist(¢)dist(f]s,). Now
k = dist(R,|s) > dist(¢)~Ldist(f|s). Since f isquadratic,
: [Si ] 1 , st(¢)
dist(fls) — 1< —(dist(fls) — 1) < 5—(kdist(¢) - 1) < ———. (5.1)
N 2km 2m

Sincedist(¢) — Listorrentially small, dist(f|s,) < 1+(2/3)ym~tanddist(R,|s,)
<1+m Thecase S C IZis entirely analogous, considering dist(R,%’|5,.) <
dist(vr2) dist( £y (s;)) dist(yr1), and using torrentially small distortion of -, and
Yr2. The estimate now becomes

_ Sl
B Ilﬁl(S)l

=< dISt(wl) (k dist(yry) dist(yr2) — 1) (5.2)

dist(flyys)) —

(dist(flyys) — D

- dlst(wl)zdlst(wz)
- 2m

and we conclude again that dist(RflﬂS,.) <14m?

Remark 5.2. We have the following estimate for the effect of the pullback
of a subset of /, by the central branch R, |;0. With total probability, for all »
sufficiently big, if X C I, satisfies

Py (XIL) <8 <n™? (5.3)
then

Prir (Rulr ) OO < 857 (5.4)

Indeed, let V beas'™|1,4| neighborhood of 0. Then R,|;,.,\v hasdistortion
bounded by 25 1%,
Let W C I, beaninterva of size A|I,|. Of course

Py (X N W|W) < 827015, (5.5)

L et us decompose each side of 1,1 \ V asaunion of n?/10§=5/2 intervals of
equal length. Let W be such an interval. From Lemma 4.3, it is clear that the
image of W covers at least §%n=?"|1,|. It isclear then that

Pi, (X O R (W)|R,(W)) < 8(8%n~2)70/15 < §1/2 (5.6)

Bull Braz Math Soc, Vol. 35, N. 2, 2004



QUASISYMMETRIC ROBUSTNESS OF COLLET-ECKMANN 311
(using that § < n"’z). So we conclude that (since the distortion of R, |w IS
bounded by 1 + n~3 by Remark 5.1)

Py (Rali ) HX) N WIW) < 82 (5.7)

(we use the fact that the composition of a y,41-gs map with a map with small
distortionin y,-qgs). Since

Prpr(VILp1) < 89, (5.8)

we get the required estimate.

5.2 Moreontrees

Let us see an application of the above remarks.

Lemma5.1. With total probability, for all » sufficiently big

P (RHTHX)L) < 2"y, (X|1,). (5.9)

In(n)

Proof. Decompose 1£in n'"® intervals of equal length, say, {W;}"_, . Then
by Lemma4.3, |RE(W;)| > n=2"7|I,|, so we get
Py (RHW:) N X|REW:) < n*"™ p,, (X|1,). (5.10)
Applying Remark5.1, we see that
P (RD™HX) N Wi|Wi) < n*"p, (X|1,), (5.11)

(we use the fact that the composition of a 7,-gs map with a map with small
distortion is y,,-qs) which implies the desired estimate. O

By induction we get:

Lemmab.3. Withtotal probability, for n is big enough, if X1, ... , X,, € Z\{0}

p);n(é_l(n)()() = (jl’ vjm’ ’j@(")(x)\)v ji € Xiv

" 5.12
L<i<mll) <2" [Py (") € XilL). (512

i=1

Thefollowing isan obvious variation of the previouslemmarfixing the start of
the sequence.
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Lemma 5.3. With total probability, for n is big enough, if X;,...,X,, C
Z\ {0}, andifd = (j1, ..., jx) We have

i, @) = Goevvs Jhoenn s Jigmson s Jiaw o)) Jitk € Xi,
- 5.13
1<i=m|I$ <2 [, (") € Xi|L). 619
i=1
In particular, with d = (z,),
Py, (d(n)(-x) = (Tn, jla cee s jm’ ce ,j|¢(n)(x)|), ji e X;,
" (5.14)

1<i<m|ll")y<2™ pr,,(j(")(x) € Xil|l,).
i=1

The last part of the above lemma will be often necessary in order to apply
PhPal’.
Lemmab4. Let Q c Z\ {0}. Let Q(m, k) denote the setof d = (j1, ..., jm)
such that #{1 < i < m, j; € Q} > k. Define g,(m. k) = ps, (UgecominIrll).
Let qn = Py, (UjEQIrflln)-

With total probability, for » large enough,

an(m, k) < (’,ﬁ)(znqn)k. (5.15)

Proof. We have the following recursive estimates for g, (m, k):
1 ¢.1,0=1¢,11 <g, <2'q,,adg,(m+1,0) < 1lform > 1,
@ gum+1,k+1) < g,(m, k+ 1)+ 2"qq,(m, k).

Indeed, (1) is completely obvious and if (j1, ..., jmi1) € Qm+ 1L k+ 1)
then either (1, ..., jmw) € Qm, k+21)or (Ji, ..., ju) € Q(m, k) and j,,1 €
0, 50 (2) follows from Lemma 5.2. It is clear that (1) and (2) imply by induc-

tion (5.15). O
We recall that by Stirling Formula,
qm qm
(m> <2 <§) . (5.16)
qm (gm)! q
So we can get the following estimate. For ¢ > ¢,,,
(6:2")gm
g,(m, (6-2"gm) < <§> . (5.17)
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6 Estimateson time

Our aim in this section isto estimate the distribution of return timesto I,,: they
are concentrated around ¢, _11 up to an exponent in a bounded range.

The basic estimate is a large deviation estimate and is proven in the next
subsection (Corollary 6.1) and statesthat for £k > 1 the set of brancheswith time
larger then kc;,; % has capacity lessthen e*.

6.1 A LargeDeviation lemmafor times

Let r,(j) besuch that R,|,; = ™). We will also use the notation r,(x) =
r, (™ (x)), then-threturn time of x (there should be no confusion for the reader,
since we consistently use j for an integer index and x for a point in the phase

space).
Let

An(k) = py, (r,(x) = klx € I,) (6.1)

Since f restricted to the complement of 7,1 is hyperbolic, from Lemma 2.4.7,
itisclear that A, (k) decays exponentially with k:

Lemma 6.1. With total probability, for all n > O, there exists C > 0, A > 1
such that A, (k) < CA.

Proof. Consider aMarkov partition for f1;;,,,, that is, afinite union of inter-
vals M1, ..., M, suchthat U"_ M; = I\ I,+1, f|m, isadiffeomorphism for
1<i<mand f(UL0M;) C UL,0M;. Itiseasy to see that such a Markov

partition also satisfies: For every 1 < i < m, either

fmmy=J M; o fy=1av (J M. (62)

M;Cf(M;) M;Cf(M;)

(To construct such Markov partition, notice first that the boundary of I,.; is
preperiodictoaperiodic orbit ¢ (of period p). Inparticular wehave f*(91,.,1) =
g for someinteger s > p. Let K be the (finite) set of all x which never enter
int 1,41 and suchthat f/(x) = g forsomej <s. Sincel,,;isnice, dl,,1 C K,
and since s > p, the orbit of ¢ is contained in K. In particular K is forward
invariant. Itiseasy to seethat the connected componentsof 7 \ (K U I,,,1) form
aMarkov partitionof I\ I,,,1.)
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It follows that if f/(x) € U int M;, 0 < j < k then there exists a unique
interval x € M*(x) suchthat f*|, ., isadiffeomorphismontosome M ;. Notice
that if £ > 1, fF(M*(x)) = M*1(f(x)).

By Lemma2.4.7,if y € M*(x), |Df*(y)| isexponentialy bigin k. In partic-
ular, Y575 | £/ (M*(x))| < €’ for some constant C' > 0 independent of M* (x).
Since f is C?, dist(f] () isuniformly bounded in k. Notice that the bounds
on distortion depend on n. (An aternative to this classical argument isto obtain
the bounded distortion from the negative Schwarzian derivative).

By Lemma 2.4.7 again, the set of points x € I which never enter 7, ; has
empty interior: for every T C I thereisaniterate f”(T) which intersects I, 1
(otherwise the exponentialy growing intervals f"(T) < I would eventualy
become bigger than 7). So there exists » > 0 such that, for every M;, there
existsx € M; andt; < r with f'i(x) € int I,1. It follows that there exists an
interval E; CM; such that f% (Ej) cintrl, .

Fixing some M*(x) with f*(M*(x)) = M;, let E*(x) = (f*pyre) "HE)).
By bounded distortion, it follows that l‘f;ﬁig'l is uniformly bounded from below
independently of M*(x). In particular, pa, (M*(x) \ E*(x)|M*(x)) < A for
some constant A < 1.

Let M* be the union of the M*(x) and E* be the union of the E¥(x). Then
MM 0 EY = ¢, Inparticular, pa, (M%7 (1) < Apo, (M*|1).

Weconcludethat p,, (M*|1,) < CA¥" for someconstant C > O. If k > r,(0),
then M* N I, containsthe set of points x € I, suchthat f/(x) ¢ I,,1 < j <k,
that is, al pointsx € I, withr,(x) > k. Adjusting C and A if necessary, we
have A, (k) < CAk. O

Let ¢, bethe maximum ¢ < ¢,_1 such that for all k > ¢~ we have
Anlk) < et (6.3)

and finaly let oo, = MiNy<<y S
Let [,(d) besuchthat L,|,« = f"@. Wewill aso use the notation /, (x) =

1,(d"™ (x)). Let us define

B, (k) = p5, (L, (x) > k|I,). (6.4)
B, (k) = p3, (L, (x) > k +ry(T)|1"). (6.5)
Lemma6.2. Ifk > ¢, ?a,”? then
b/2 bJ2
B, (k) < e=¢n ok, (6.6)
b/2 b/2
B (k) < e o K, (6.7)
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Proof. Let usfirst show (6.6), the proof of estimate (6.7) being analogous.
Letk > c,,_b/zoz,,_b/2 befixed. Let mg = aﬁ/zk.
Notice that by Lemma 3.2.1

b/4,,b/2,

Py (4™ ()| = molx € L) < ™ (6.8)

Fix now m < mg. Let us estimate
P (1d™ () = m, 1,(x) > k|x € I,). (6.9)
Foreachd = (ji, ..., j.) associated to a point in this set, we can associate

a sequence of m positive integers r; such that r; < r,(j;) and > _r; = k. The
average value of r; isat least k/m so we conclude that

> ri>k/2 (6.10)

ri>k/2m

Recall also that

k 1 9

Given a sequence of m positive integers r; as above we can do the following
estimate using Lemma 5.2

Pin @) = (roee s Jm)s 1) = 1ilL)

< 2" [ [ pnGatx) = rji1)

j=1
< 2 T putuo) 21l (6.1
rjza,,_l
< omn l_[ e~ < 2mnefol,,k/2‘
erk/Zm
The number of sequences of m positive integersr; with sumk is
k+m—1 1
< k -1 m—1
(m—l)_ m—mktm=1
(6.13)

A

1 2ek\"
—k+m)"<|—) .
m! m
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Notice that (since x/* is decreasing for x > ¢)

mn (@) <
m

3 m 3
(2n+3k> skt (2n+3k) k2™
<

m nio

2n+3 mo ]’/4]{ (6'14)
= (W) <em .
an
So we can finally estimate
Py, (1™ () = m,ly(x) = k|x € I,)
S 2mn (k;k)m e_ank/z - e(ar(l[;/tl)—l_%)ank‘ (615)
m
Summing up on m we get (since M) < ) o b/%)
P (V)] < mo. 1,(x) = klx € 1,) < moe®" ~Dek
@P e Dk . —ank/3 (6.19)
< e n n 2/%n S e n .
As adirect consequence we get
B (k) < e384 gmor" ik _ pmeiak, (6.17)
concluding the proof of (6.6). d
Let v, = r,(0) bethereturn time of the critical point.
Lemma 6.3. With total probability, for n large enough,
Upi1 < ¢ /A 304, (6.18)

Proof. By thedefinition of «,, and PhPa2’, it followsthat with total probability,
for n large enough,

m(T,) <c, 1105; 1 (6.19)

Recall that 4 (0) is such that R,(0) € ci"O. Using Lemma 6.1, more

precisely estimate (6.7), together with PhPal’, we get with total probability, for
n large enough,

I (d(”) 0) —ru(m) < na;b/ZC;3b/4’ (6.20)
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and thus
Upi1 < U + ¢, ot e e <, a3 e 344, (6.21)

Noticethat «,, decreases monotonically, thusfor ng big enough and for n > n,

Uy < Upg + Z —3b/4 7317/4/4 <y + o 3b/4,. 317/4/3 (6.22)
k=ng
which for 7 big enough implies v, 11 < ¢ >/ %oy /%, 0

Lemma 6.4. With total probability, for » large enough,

1 = Minfa?”, c2'). (6.23)

Proof. Letk > max{ozn‘z”, c;?}. From Lemma6.1 oneimmediately seesthat

if r,o1(j) > k then R,l(InH) is contained on some C,, with 1,(d) > k/2 >
~b/2,,~b/2

[07

n n

Applying Lemma 6.1 we have B, (k/2) < e~ o /2,
b/2 b/2

Applying Remark 5.1 we get A, 1(k) < e~ken' e’ "a®/2 o p=kminie.c"} [
Since ¢, decreasestorrentialy, we get

Corollary 6.5. With total probability, for n large enough a1 > c?.

6.2 Consequences

The lemma below contains the basic estimates on return times that we will need
(and also contains estimates already proved).

Lemma 6.6. With total probability, for all » sufficiently large we have

pila(x) <c,’|x € 1,) < c,%_x, with s > 0, (6.24)
Pi(l(x) <c,’lx e I") < c - with s > 0, (6.25)
pily(x) > ¢ |x € I,) < e, with s > b, (6.26)
Pi(ly(x) > ¢, |x e I") < e‘”g_s, with s > b, (6.27)
Py (ra(x) >c 1lx €l,) <e c'%lflx, with s > 2b. (6.28)
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Moreover we also have

ra(Th) < ¢, (6.29)
<y < c;ﬁ/s, (6.30)
P <Inich <ty (6.31)

Proof. The estimate from above in (6.30) is given by Corollary 6.1 together
with Lemma 6.1, while the estimate from below is contained in Lemma 3.2.1
(since v, > s,_1). Estimate (6.28) is Corollary 6.1.

Estimates (6.24) and (6.25) are contained in Lemma 3.2.1 (it is enough to use
that £, (x) > |4 (x)|).

Estimate (6.26) follow from Lemma 6.1 and Corollary 6.1.

Estimate (6.28) implies (6.29) by application of PhPal’. Using also the esti-
mate from above in (6.29) one also gets estimate (6.27).

The estimate from below on (6.31) is given by Lemma 3.2.1. Notice that

|Ry (1) > 27" (1,
(by Lemma 4.3), and since |Df| is bounded (by 4) this implies 4%|I, 1| >

27"|I,| which givesc, > 27"47", So the estimate from abovein (6.31) follows
from the estimate from above in (6.30). O

7 Somekinds of branches and landings
7.1 Standard and fast landings

Let us define the set of standard landings at timen, LS(n) C Q asthe set of all
d= (j1,..., jn) satisfying the following:

LS1: c,,_a4/2 <m < c;2b4,
LS2: r.(ji) < cn_f”f for al i.

We al so define the set of fast landings at timen, LF (n) C 2 by thefollowing
conditions

LFL m<c 2

LF2  (=LS2): r,(ji) < ¢ % forall i.
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Lemma 7.1. With total probability, for all »n sufficiently big,

P @™ (x) ¢ LSM)|x € 1) < c2'3/2, (7.2)
7 d™(x) ¢ LS()ULF(m)|x € I,) < ¢ /2, (7.2)
7 @™ (x) ¢ LSm)|x € I) < c&3/2, (7.3)
ps @™ (x) ¢ LS(n) ULF(n)|x € I™) < ¢ /2. (7.4

Proof. Let usstart with the first two estimates.

(LS1) A simpleapplication of (6.24) and (6.26) allowsto estimate p;, (|d™ (x)|

> ¢2* or |d™ (x)| < ¢2"/?|1,) and shows that the set of landings violating LSL

has 7, -capacity bounded by ¢2*/°,

(LS1+LF1) An application of (6.26) allowsto estimate p;, (Id™ (x)| > ¢2°|1,)
and shows that the set of landings violating both LS1 and LF1 has y,-capacity
bounded by ¢*/10.

4

(LS2=LF2) An application of (6.28) gives pj, (r,(x) > ¢ &'[I,) < et .
Using Lemma 5.2, this implies that the set of landings violating LS2 and sat-
isfying either LS1 or LF1 (so that |[d| < c;2b4) has y,,-capacity bounded by

ch;zb“p};n (rp(x) > c;_3if|]n) < cZZ/lO.

Putting those estimates together gives the first two estimates. To get the last
two estimates, we proceed in the same way for estimating LS1 and LS1+LF1.
The estimate of LS2=LF2 follows the same lines with one extraingredient: we
haveto be careful sinceif r,(t,) isvery large then automatically LS2 isviolated
for every d which starts by 7,. But this was taken care by estimate (6.29), and
with this observation the estimates are the same. O

7.2 Very good returns, bad returns and excellent landings

Forng, n € Nsuchthatn > ng, definethe set of very good returns, VG (ng, n) C
7.\ {0} and the set of bad returns, B(no, n) C Z\ {0}, by induction asfollows. We
let VG (ng, no) = 7\ {0},B(ng, ng) = ¥ and supposing V G (ng, n) and B(ng, n)
defined, we then define the set of excellent landings LE (ng, n) C LS(n) as
the set of all standard landingsd = (j1, ... , jn) Satisfying the following extra
assumptions

LEL Foralc %' <k <m, #{1<i <k, j ¢ VG(no,n)} < (6-2")c™ k,

Bull Braz Math Soc, Vol. 35, N. 2, 2004



320 ARTUR AVILA and CARLOS GUSTAVO MOREIRA

LE2 Forale, " <k <m,#{1<i <k, j; € B(no,n)} < (6-2")c"_jk.

Wethen define V G (no, n+1) asthesetof j e Z\ {0} suchthat R, (I/,,) = Cs
withd € LE(ng, n) and such that:

VG: Thedistance of I’+1 to 0 is bigger than ¢” 2| Lyial.
And we deflne B(ng,n + 1) astheset of j ¢ VG(ng,n + 1) such that
R, (I’+1) = C withd ¢ LF(n).

Lemma7.2. With total probability, for all nq sufficiently big,

Pu(i™(x) & VG o, mlx € I,) < ¢y, (7.5)
2, (™ (x) € B(ng,n)|x € I,) < ¢, (7.6)
P35, d™ (x) ¢ LE(no,n)|x € I,) < ¢**/®, (7.7)
P35, d™ (x) ¢ LE(no,n) ULF(n)|x € I,) < ¢, (7.8)
ps.(d™(x) ¢ LE(no,n)|x € I'") < /%, (7.9)

Proof. The argument is by induction: if for a given value of n we have (7.5)
and (7.6) (this holdstrivially for n = ng), we will show that we also have (7.7),
(7.8) and (7.9), and thisin turn implies that (7.5) and (7.6) hold for n + 1.
Assuming the validity for agiven value of n of (7.5) and (7.6) we can estimate
the y,-capacity of the set of landingswhich fail LE1 or LE2 using the techniques
of 85.2 asfollows:
(LE1) We use estimate (5.17). Setting g = c“8 1 We see that the set of landings
whichfail LE1 for aspecificvalueof k > 2", isbounded by 2- 627, Summing
uponk > c2', we get the upper bound ¢"*/ 10.
(LE2) Weuseestimate (5.17) again, setting thistimeqg = ¢_;. Theupper bound
we get using the same argument as beforeis ) |, -1 2-(62qk < 622 /10.
Those estimatesimply (7.7) and (7.8) (it isenough to use (7.1) and (7.2)). An
analogous argument shows that (7.5) and (7.6) imply (7.9).

To seethat the validity of (7.7) and (7.8) for n impliesthe validity of (7.5) and
(7.6) for n + 1isjust amatter of applying Remark 5.1 (notice that condition VG

is quite weak: it excludes a set of branches of y,,,.1-capacity at most c), /“). O

This translates immediately (using the measure-theoretical argument of
Lemma 2.2) to a parameter estimate using PhPa2':
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Lemma7.3. With total probability, for all ng big enough, for all » big enough,
T, € VG(ng, n).

Lemma7.4. With total probability, for all ng big enough and for all n > ny, if
j € VG(ng,n + 1) then

4 4 4 4
—a*/2 . —4b —2b* 4
c, <m <ry1(j) <mc,”] <c, 7 c,’7, (7.10)

where as usual, m is such that R,,(I~’+1) = C,ii andd = (j1, ..., jm)-

Proof. Wehavec;“/2 < m < c~2" by LS, whilem < r,,1(j) is obvious.
We get r,1(j) < me; " from LS2 and (6.30). O

Lemma 7.5. With total probability for all nq sufficiently big, if n > ng, and if

J ¢ VGlno. n) U B(no, n) then r, (j) < ¢, /24"

Proof. Indeed,if j ¢ VG(no, n) U B(no, n) then R,_1(1}) € LF(ng, n — 1).

The estimate follows since a branch in LF (ng, n — 1) has time bounded by
4

%" (using LF1 and LF2) and v,_; < ¢, %5 (using (6.30)). O

Lemma 7.6. With total probability, for all ng big enough and for all n > ny,
the following holds.

Let j € VG(no,n + 1), as usual let R,(IJ,,) C Ciandd = (ju, ... , jm)-
Let my, be biggest possible with

mp
vt > ra(ii) <k (7.12)
i=1

(the amount of full returns to level n before time k) and let

Be= D . (7.12)
1<i<my,
Ji€VG(no,n)

(the total time spent in full returns to level » which are very good before time k).
8
Then 1 — B < &3 ifk > ¢,/
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Proof. Let us estimate first the time i, which is not spent on non-critical full
returns:

i =k =Y ra(jo). (7.13)
j=1

This corresponds exactly to v, pI us some incomplete part of the return j,,, ., .

This part can be bounded by ¢ % + ¢, %" (use (6.30) to estimate v, and LS2 to
estimate the incompl ete part).
Using L S2 we conclude now that

my > (k—c,. )cn 1> c_l/" (7.14)

S0 my, isnot too small.
Let us now estimate the contribution hy from bad full returns j;. The number
of such returns must be less than cn 1mk by LE2 and the estimate on m,. By

LS2 their total timeis at most ¢/~ 1, < m.

Thenonvery good full returnson the other hand can beestimated by LE1 (using

(7.14)): they are at most c2” 1/ mi. SO we can estimate the total time Z; of non

very good or bad full returns (with time lessthen ¢ ;%% by Lemma7.2) by

248/3 —a*/2 _ap*
C_q Cpq Cp_5 My, (7.15)

while 8, can be estimated from below by

A= 2Py o (7.16)
It is easy to see then that ir/Br < c,'f/f, he/Be < ,‘1‘4/15 We aso have
/’S—kk < 2028_/12. So ”‘*Zk*’k islessthen ¢!/ /3 . Since iy + hi + Iy + Br = k we have

i+ hi +1
1_ﬁ<m<c:8_/l3‘ 0

k B

7.3 Cool landings
L et us define the set of cool landings

LC(ng,n) C LE(ng,n),no,n € N,n > nog
asthe set of all excellent landingsd = (j1, ... , jn) Satisfying
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LC1l: j; € VG, n),1<i < cn_i’i/z-

LC2 Foralc 2 <k <m#{l<i<k, ji ¢ VG n) < 629k,
LC3: Forc,"P <k <m,#{1<i <k, j; € B(no.n)} < (6-2")¢""%k,

LC4: ji¢ B(no,n),1<i =<c, "/2.
As usual we obtain:

Lemma7.7. With total probability, for all nq sufficiently big and all n > no,
(n) a%/3
Py (@™ (x) ¢ LC(no,n)lx € I,) <c, g (7.17)
and for all n big enough

P, @™ (x) ¢ LC(ng, m)|x € I7) < 3. (7.18)

Proof. We follow the ideas of the proof of Lemma 7.1. Let us start with the
first estimate. Notice that by Lemma 7.2 we can estimate the y,,-capacity of the

complement of excellent landings by e */%, The computations below indicate
what islost going from excellent to cool due to each item of the definition:

(LC1) Thisisadirect estimateanalogousto LS2. By Lemma?7.2, the y,,-capacity
of the complement of very good branchesis bounded by c,‘;s 1, soan upper bound

for the y,-capacity of theset of landingswhich do not start with ¢, ° /2 very good

branchesis given by 27¢®® ¢ %1% « ¢,

(LC2) In order to estimate the set of landings violating LC2, we use the ideas

of 85.2. Therelevant estimateis(5.17): settingg = cfi/f andusing Lemma7.2,
we see that the y,-capacity of the set of landings violating LC2 for a specific

value of k > c*“s/ 2 is bounded by 2-¢24k and summing up on k we get the
upper bound 30, s, 27 ¢20% « @B,

nl

(LC3) The same argument of LC2 (setting ¢ = cZ/_ 61) gives the upper bound
Zk>c_n/3 2_(6'2’1)416 < C:llz—l'
n—1

(LC4) An argument analogous to LC1 gives the upper bound 2"c, "fc,f”_ 1 K

n
Cr_1-
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Those imply the first estimate. To get the second estimate we argue in the
same way: we only need to use Lemma 7.2 to guarantee that 7, € VG (no, n)
(this avoid problems with LC1 and LC4). O

Using PhPal’ we get

Lemma 7.8. With total probability, for all ng big enough, for all » big enough
we have R, (0) € LC(ng, n).

Lemma 7.9. With total probability, for all ng big enough, for all n > nq,

d=(j1,..., Jm) € LC(ng,n),and 1 < s < m we have
S mG) = @=27 G (7.19)
1<i<s, i=1
Jji€VG(no,n)

Proof. FromLC1, LC2 and Lemma7.2 we have

n

. 8/3  —a%/2 _mph 9 442
Z ra(ji) < (6- 2”)63_/lscnfl/ ¢,y < c“_lcnfl/ s, (7.20)
1<i<s,
Ji¢V G(no,n)UB(no,n)

and from LC3, LC4 and LS2 we have
S nG) =629 s < s, (7.21)

1<i<s,
Ji€B(no,n)

while from LC1, LC2 and Lemma 7.2 we have

- 1_,
Yo nG) = @629 Dse, 4 = Se s, (7.22)
1<i<s,
JjieVG(ng,n)
and the result follows from (7.20), (7.21) and (7.22). d

8 Proof of Theorem B

We must obtain, with total probability, upper and lower (polynomial) bounds for
the recurrence of the critical orbit. It will be easier to first study the recurrence
with respect to iterates of return branches, and then estimate the total time of
those iterates.
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Lemma8.1. With total probability, for n big enough and for 1 <i < s,

InIR, O _ s <1+ In) ) 8.1)

In(cn-1) In(Cn 1)

Proof. From Lemma4.3, we have

In|R, (0] - In@2™"[1,1)

2 8.2
Incn—l Incn—l = ( )

and theresult followsfori = 1. Let X C I, beacn8 1 heighborhood of 0. For n
big, we can estimate 7 < 2. Letusshowthat Ri (0) ¢ X for2 <i <c. 2.
Thisreguirement can betranslated on R, (0) not belonglngto acertansetY c I,

such that

r= | @, (8.3)

-2
1=id|<c, 5y

Itisclear that

py(Y|I7") <c, = 1cf1b 1 -~/ 634:13. (8.4)
Applying PhPal’, the probability that for some2 < i < ¢, 2, wehave |R! (0)| <

c,’; 1 isat most cn 2>, which is summable. This implies the result in the range
2<i< cn_zl.
Forj >0 letX; C I, beaefﬁ’fa neighborhood of 0. Let K be maximal

with Xx D I,1. Let Yj C I, be such that

Y, = U (RH71(X ). (85)

—pAG+D
Cp— l —‘dl h

By Lemma4.3, itisclear that no X ; intersects /. Thus we can estimate

py(Y;|Lm) < _b4(j+1)c:4(jl+2) -2 cﬁﬁ?b (8.6)
and
K oo
4j
py(U Y| < Zcﬁ_/l < 2¢,_1. (8.7)
j=0 j=0
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Apply| ng PhPal’, with total probability, the critical point does not belong to

Uiz 0Y This means that for 0 < j < K and for ¢,” lf << ;bi(”l)'
R,(0) ¢ X;, which lmpll% IRL(0)| > 2. This concludes the proof of

_pME+D)

theresultintherangec,?, <i < ¢,

To conclude theresult in the remaining case ¢
IR, (0)] > |1,1/2 > |Xk+1l/2, 50

|n|R;,(O)| In|XK+1|/2§b4(K+3)<b8 In(i)

_KAMK+D) . .
b <i <s,, wenoticethat

8.8
In(c,-1) = Inc,—1 - In(C,;_ll) ( )
which gives the required estimate. g
Forl<i <s,, letk; suchthat R |, ., = f*.
Lemma 8.2. With total probability, for n big enough and for 1 <i < s,
In(k; 4 In(i
k) ey O (89)
In(c, ;) 3 In(c 1)

Proof. Let usfirst assumethat c, _11 <i <s,. ByLemma7.3, R,(0) belongs
to acool landing, and by LC2 we get

> 4R, (8.10)

which clearly implies the required estimate.
Using (6.30), we seethat k; > v, > ¢, %. Thusfor 1 <i < ¢, %, we have

Ink; a® Ini
— Za>§<1+|n ) (811)

Inc,—; c

which gives the resuilt. O
Considering [R,(0)| = | f*(0)| < c,_1 andusing v, < ¢, ”; we get

liminf —Inif"OI >a
n—00 In(n)

(8.12)

Let now v, < k < vupa. If | FE0)] < k=3 we have £¥(0) e I, and sO
k = k; for somei. It follows from Lemmas 8 and 8 that | £*(0)| > k~3". Thus
. —In|f*(O

limsu n|f" (0]

Py = 32 (8.13)
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9 Hyperbalicity
For j # 0, we define

o In(R, () . .
An(J) —IS‘] ) A —}r;fo)un(]). (9.1)

Lemma9.1. With total probability, for all n sufficiently big, A, > 0.

Proof. By Lemma?2.4.7, there exists a constant X, > 0such that each peridic
orbit p of f whose orbit is entirely contained in the complement of 7,,; must
satisfy In|Df™(p)| > A,m, wherem isthe period of p. On the other hand, each
non-central branch R, | i hasafixed point. By Lemma4.3, dist(R,| 1,-;') < 2"and

of courselim;_, o, 7,(j) = oo, sowehaveliminf ;. A,(j) > X Ontheother
hand, for any j # 0, A,(j) > Oby Lemma4.3,s0 1, > 0. O

Lemma9.2. With total probability, for ng big enough, we have:

. . 14 2m0
If n>np and j € VG(no, n) then 1,(j) > knoT, (9.2)
-3
If n>no, j € VG(no,n) and ¢ <k <r,(j)
In(I|D k 1 2n0—n+; 2 (9:3
then inf DUPSD o, 1420w
I k 2

Proof. Let usprovethat if (9.2) holdsfor a certain value of n > ng then (9.3)
and (9.2) hold for n + 1. Thisimpliestheresult by induction, since the definition
of A,, impliesthat (9.2) holds for ng. Fix j € VG (ng, n + 1) and define

In|Df*
a = inf M, (9.4)
xely
and let us consider values of k in the range ¢, /" < k < ru1(j) (notice that

Far1(j) > cn ™ by Lemma7.2).

Welet R,(I),) C Co,d = (ju, ... , ju). Noticethat by (6.30), v, < c; 5 <
k. Let us say that j; was completed before k if v, + r,(j1) + -+ + (i) < k.
Define

Gk = infdln|Df"" o fr(x)| (9.5)

xeCy
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wherer = v, + r,(j1) + - -+ + r.(jm,) With j,, thelast complete return. By
Lemma4.3 we have

5
—qk _ Inc,c;_4 2/n (9.6)

Let us show that |DR,(x)| > ¢ if x € I/,,. Indeed, by Lemma 4.2,
DR,|;., = ¢ o f,where ¢ hassmal distortion, so by Lemma4.3,

n+1

|Rn(1n+l)| 2_’1|In|
> 5

2|f(1n+1)| |In+l|

whileby VG, [Df (x)| = [2x| > ¢"*|I,41], S0 |DR,(x)| > ¢
Notice also that using Lemma 4.3, for any mo < m, the derivative of R in
CLisat least 2. Sofor mo = ¢, %" we have that the derivative of R"o+1 in

I,{ 41 isatleast 1. Moreover, still by Lemma 4.3 any complete return (even if not
very good) brings in some expansion.
Notice that from LS2

D@ (f(x)] > (9.7)

mo

ko= ra(i) < ;5 % <k, (9.8)
i=1

so we can use Lemma 7.2 and get

B — ko Ang(1+2"7")  —qi - Ang (1 4 2m0—n=1/2) L

. (9.9
= 2 k= 2 o 909
Thisand (9.6) give (9.3) for n + 1. If k = r,,41(j), gx = Owhich gives (9.2) for
n+ 1. ]

10 Proof of Theorem A

We must show that with total probability, f is Collet-Eckmann. The argument
given here is dlightly different from the one in [AM1] and the one sketched in
[AM2] (herewe use Theorem B to get some estimates, which makestheargument
dightly shorter). Let

_In|DFA(f(O))
G = ————.

p (10.1)

Let "™ (R,(0)) = (ju, ... . Js). By Lemma9, each very good return has a
definite hyperbolicity by (9.2), while, by Lemma 4.3, each return which is not
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very good brings some (possibly weak) expansion. Thus, for 1 < s < s, and for
n large, Lemma 7.3 implies

In|DR:(R, (0 14 20 14 2mo—n-1
Zizl ra(Jji) 2 2
In particular,
v, — 1 14201y, 1 — v,
1 > Ay 1 ——— + Ay . 10.3
I e S | (103)
Iterating (10.3) implies that for n large we have
1 2no—n—1
ay 1> Ano%. (10.4)
Ifv, —1<k<uwv,1—11et0<my <s, bemaxima such that
my
tk:vn_l"i_zrn(ji) <k (105)
i=1
By (10.2) and (10.4) we have
IDf*%(f(0))] _ U 1a . INIDR™ (R, (0)] D71 ra (i)
7 o Yok ra (i) 7 (10.6)
1+ 2nofn71
> )"noT-

Noticethat if “7% > 272" thenk — 1, > ¢, “4* (sincek > v, — 1 > ;% — 1),

07y (fmpt1) = k — tx > c;fic;f?, and we have j,,, 11 € VG(ng, n) U B(ng, n)

by Lemma 7.2. Thisin turn impliesthat j,, 11 € VG(no,n): sincek — t; <
FuGimern) < €3 (by LS2), if ju+1 € B(no, n) thenby LC4, k > my + 1 >

—n/2
C,_1.,0

k — Ix < rn(jmk+l) < cz/_?:l < 272;1’
k k
acontradiction.
Define g, = In|Df*(f*+1(0))|. By Lemma 4.3 and by Theorem B, we
have

—a _ —InAf OIS D

. = . <ci_q, (10.7)
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since | f%+1(0)| > k=€ for some C > 0. Thus, if “2% < 272" we have by (10.6)

no—n—1 _
akz%nol+2 - ka)\‘no

2 k 2

(10.8)

If "*T’k > 272" wehave j,, +1 € VG(no, n), sowe can apply (9.3) and conclude
that

1

qk 1+ 2M0"+3 2/(n—1) )Vno
> Ay - > , 10.9
k—g =™ 2 G102 (10.9)

which implies, using (10.6) again,
1y 14201 f— e qk Ang

> — Ay > —. 10.10
W= k k-1~ 2 (1010)

Thus a; > %0 forv, — 1<k < v,y1 — 1, for dl n sufficiently large, which
impliesthat f is Collet-Eckmann.
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